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$\Phi$ $r$ ( ) $\Phi$ :
(1) $\Phi$ $\mathbb{R}$ $V$
(2) $\alpha,$ $\beta\in\Phi$ $\langle\beta,$ $\alpha^{\vee}\rangle\in \mathbb{Z}$ . $\alpha^{\vee}=2\alpha/\langle\alpha,$ $\alpha\rangle$ .
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(3) $\alpha\in\Phi$ $V$ $P_{\alpha}=\{v\in V|\langle\alpha^{1}l)\rangle=0\}$
$\sigma_{\alpha}$ : $\sigma_{\alpha}(\beta)=\beta-\langle\beta,$ $\alpha^{\vee}\rangle\alpha(\beta\in\Phi)$ .
$\alpha\in\Phi$ $\sigma_{\alpha}(\Phi)=\Phi$ .
(4) $\alpha$ $\Phi$ $\pm\alpha$
$\alpha\in\Phi$ $\alpha^{\vee}=2\alpha/\langle\alpha,$ $\alpha\rangle$ $\alpha$ 2
$(\Phi_{1}, V_{1}),$ $(\Phi_{2}, V_{2})$ $(\Phi_{1}\cup\Phi_{2}, V_{1}\oplus V_{2})$
(2)
$r$
4 $A_{r},$ $B_{r},$ $C_{r},$ $D_{r}$ $E_{6},$ $E_{7}$ , Es,
$F_{4},$ $G_{2}$ ( ). $\{\sigma_{\alpha}|\alpha\in\Phi\}$ $GL(V)$
$W=W(\Phi)$ $\Phi$ Weyl
$\Phi$ $\triangle=\{\alpha_{1}, \cdots, \alpha_{r}\}$ (i) $\Phi$ $\alpha$
$\alpha=\sum_{-1}^{r}m_{i}\alpha_{i}$ ( $m_{i}$ ) ; (ii) $m_{i}(1\leq i\leq r)$ $\geq 0$
$<0$
$\triangle$
$\Phi^{+}=\Phi\cap\{\sum m_{i}\alpha_{i}-|m_{i}\geq 0, \alpha_{i}\in\Delta\}$ ( $\triangle$ ) $\Phi^{-}=-\Phi^{+}$
$\Phi=\Phi^{+}\cup\Phi^{-}$ $\Phi^{+}\cap\Phi^{-}=\emptyset$ . $\alpha\in\Phi^{+}$ (resp.
$\Phi^{-})$ $\alpha>0$ (resp. $\alpha<0$ ) $\triangle=\{\alpha_{1}, \cdots, \alpha_{r}\}$
Weyl $W$ $\sigma_{i}=\sigma_{\alpha_{i}}(1\leq i\leq r)$
$\triangle=\{\alpha_{1}, \cdots, \alpha_{r}\}$
$\triangle$
$\alpha\in\Phi$ $\langle\lambda,$ $\alpha^{\vee}\rangle\in \mathbb{Z}$ $\lambda\in V$
$\triangle^{v}=\{\alpha^{\vee}|\alpha\in\triangle\}$ $V$
$\Lambda=\{\lambda_{1}, \cdots, \lambda_{r}\}$ $($ $\langle\lambda_{i}, \alpha_{j}^{\vee}\rangle=\overline{\delta}_{ij})$
$\rho=\frac{1}{2}\sum_{\alpha\in\Phi+}\alpha$
Weyl $\alpha$ (height)




22. Weng 1. $V$
1. $\Phi$ $r$ $W$ Weyl $\triangle$




$((s)=\pi^{-\epsilon/2}\Gamma(s\wedge/2)\zeta(s)$ $\zeta(s)$ Riemann $\Gamma(s)$
( $\alpha\in\Phi_{w}$ $\Phi_{w}=\emptyset$
1 )
Eisenstein (Weng [13, 14]).
Eisenstein
$\omega_{\Delta}^{\Phi}$ $V$ $V\otimes \mathbb{C}\simeq \mathbb{C}^{r}$
$\omega_{\Delta}^{\Phi}$ $\lambda\in V\otimes \mathbb{C}$
$\Lambda=\{\lambda_{1}, \cdots, \lambda_{r}\}$ $V\otimes \mathbb{C}$
$\lambda=\sum_{j=1}^{r}(1+Sj)\lambda_{j}=\rho+\sum_{=1}^{r}sj\lambda_{j}j$ $(\lambda\in V)$ (2.2)






$\langle\lambda-\rho,$ $\alpha^{\vee}\rangle=\sum_{=1}^{r}a(\alpha)s_{j}$ ht $\alpha^{\vee}=\langle\rho,$ $\alpha^{\vee}\rangle$
$\omega_{\Delta}^{\Phi}(s_{1}, \cdots, s_{r}):=\omega_{\Delta}^{\Phi}(\rho+s_{1}\lambda_{1}+\cdots+s_{r}\lambda_{r})$






2. $V\otimes \mathbb{C}$ (2.2) $1\leq p\leq r$ $\omega_{p}$ : $\mathbb{C}arrow \mathbb{C}$
$\omega_{p}(s)$ $:=\omega_{\Delta,p}^{\Phi}(s)$
$:={\rm Res}_{s_{i}=0,i\neq p}\omega_{\Delta}^{\Phi}(\lambda)$ $(s=s_{p})$ (2.3)
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${\rm Res}$ $s_{p}=0$ $s_{i}=0(1\leq i\leq r)$
$s_{i}=0,i\neq p$
(2.3) $\omega_{p}$ well-defined
$H_{\alpha}=\{\lambda\in V\otimes \mathbb{C}|\langle\lambda-\rho, \alpha^{\vee}\rangle=0\}(\alpha\in\triangle)$









“ ” $\omega_{p}(s)$ Weng
3 (Weng, 2007). $\Phi$ $\triangle$











$\Phi=\{\alpha\in V\cap \mathbb{Z}^{3}|\langle\alpha, \alpha\rangle=2 or 6\}$ $G_{2}$
$\triangle=\{\alpha_{1}, \alpha_{2}\}$ , $\alpha_{1}=e_{1}-e_{2}$ , $\alpha_{2}=-2e_{1}+e_{2}+e_{3}$
$\alpha=\alpha_{1},$ $\beta=\alpha_{2}$
$\langle\alpha,$ $\alpha\rangle=2,$ $\langle\beta,$ $\beta\rangle=6$
$\alpha$
$\beta$
$\langle\alpha,$ $\beta\rangle=-3$ . $\triangle$
$\Phi^{+}=\{\alpha, \beta, \alpha+\beta, 2\alpha+\beta, 3\alpha+\beta, 3\alpha+2\beta\}$ ,
$\rho=\frac{1}{2}\sum_{\gamma\in\Phi^{\text{ }}}$
$=5\alpha+3\beta$ .
( $\{\alpha^{\vee},$ $\beta^{\vee}\}$ ) $\Lambda=\{\lambda_{1}, \lambda_{2}\},$ $\lambda_{1}=2\alpha+\beta,$ $\lambda_{2}=3\alpha+2\beta$
Weyl $W$ 12 $\theta$ $\sigma_{\theta}$
$W=\{1, \sigma_{\alpha}, \sigma_{\beta}, \sigma_{\alpha+\beta}, \sigma_{2\alpha+\beta}, \sigma_{3\alpha+\beta}, \sigma_{3\alpha+2\beta}, \sigma_{\pi/3}, \sigma_{2\pi/3}, \sigma_{\pi}, \sigma_{4\pi/3}, \sigma_{5\pi/3}\}$
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$\omega_{\Delta}^{\Phi}(\lambda)$ $w\in W$ $\Phi_{w}=\Phi^{+}\cap w^{-1}\Phi^{-}$
$\langle w\lambda,$ $\alpha^{\vee}\rangle\langle w\lambda,$ $\beta^{\vee}\rangle$ Table 1
$V$ (2.2) $\langle w\lambda,$ $\alpha^{\vee}\rangle\langle w\lambda,$ $\beta^{\vee}\rangle$ $w$ A
2 $\lceil_{*\rfloor}$ $w\in W$ $2D_{p}$
$(p=1,2)$ p $1\leq p\leq r$
$\mathfrak{U}I_{p}:=\{w\in W|\Delta_{p}\subset w^{-1}(\triangle\cup\Phi^{-})\}$ (2.5)
Weyl $W$































$M_{2}(s)=\hat{\zeta}(2)\hat{\zeta}(s+3)\hat{\zeta}(2s+4)\hat{\zeta}(3s+6)$ . $(_{p}(s)\wedge(p=1,2)$ $\omega_{\Delta}^{\Phi}(\lambda)$
Tablel $\lceil_{*\rfloor}$







4. $w\in \mathfrak{B}I_{p}$ $(k, h)\in \mathbb{Z}^{2}$
$N_{p,w}(k, h)=\#\{\alpha\in w^{-1}\Phi^{-}|\langle\lambda_{p}, \alpha^{\vee}\rangle=k, ht \alpha^{\vee}=h\}$ ,
$N_{p}(k, h)=\#\{\alpha\in\Phi|\langle\lambda_{p}, \alpha^{\vee}\rangle=k, ht \alpha^{\vee}=h\}$
$M_{p}(k, h)$




$k\geq 1$ $h\geq 1$ $\Phi=\Phi^{+}\cup\Phi^{-},$ $\Phi^{+}\cap\Phi^{-}=\emptyset$
$N_{p,w}(k, h)=\#\{\alpha\in\Phi_{w}|\langle\lambda_{p}, \alpha^{\vee}\rangle=k, ht \alpha^{\vee}=h\}$ ,
$N_{p}(k, h)=\#\{\alpha\in\Phi^{+}|\langle\lambda_{p}, \alpha^{\vee}\rangle=k, ht \alpha^{\vee}=h\}$
:
1 (Komori [6]). 3 $M_{p}(s)$
$M_{p}(s)= \prod_{k=0}^{\infty}\prod_{h=2}^{\infty}\hat{\zeta}(ks+h)^{M_{p}(k,h)}$ .
3 :
5. $1\leq p\leq r$
$\hat{\zeta}_{p}(s)=\omega_{p}(s)\prod_{k=0}^{\infty}\prod_{h=2}^{\infty}\hat{\zeta}(ks+h)^{M_{p}(k,h)}$ (2.6)
$(\Phi, \triangle,p)$ Weng









$1\leq p\leq r$ $\Phi_{p}=\{\alpha\in\Phi|\langle\lambda_{p}, \alpha^{\vee}\rangle=0\}$
$\triangle_{p}=\triangle\backslash \{\alpha_{p}\}$ ( $\Phi$ $\Phi_{p}$
) $\triangle_{p}$ $\Phi_{p}$ $\Phi_{p}^{+}=\Phi^{+}\cap\Phi_{P}$ Weyl
$W_{p}$ $\{\sigma_{i}|i\neq p\}$ $W$
6. $\triangle=\{\alpha_{1}, \cdots, \alpha_{r}\}$ $\Lambda=\{\lambda_{1}, \cdots, \lambda_{r}\}$ $\triangle$
$1\leq p\leq r$ $c_{p}$
$c_{T}=2\langle\lambda_{p}-\rho_{p},$ $\alpha_{p}^{\vee}\rangle$ , $\rho_{p}=\frac{1}{2}\sum_{\alpha\in\Phi_{p}^{+}}\alpha$ (3.1)
$c_{p}$
1(Weng, Kim, Komori). $1\leq p\leq r$ $\hat{\zeta}_{p}(s)$
$\hat{\zeta}_{p}(s)=\hat{\zeta}_{p}(-c_{p}-s)$ (3.2)
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Weng $A_{r}(1\leq r\leq 4),$ $B_{2}\simeq C_{2},$ $G_{2}$ $\hat{\zeta}_{p}(s)$
[14].
Weng-Kim $A_{r}$ $p=1$ (Dynkin )
(in apersonal communication), Komori [6].
9 Komori
$G_{2}$ $\Phi_{1}=\{\beta, -\beta\},$ $\Phi_{2}=\{\alpha, -\alpha\}$ $\rho_{1}=\frac{1}{2}\beta$ ,
$\rho_{2}=\frac{1}{2}\alpha$ 9 $(p=1,2)$
$c_{1}=2\langle\lambda_{1}-\rho_{1},$ $\alpha_{1}^{\vee}\rangle=2-\langle\beta,$ $\alpha^{\vee}\rangle=2-\langle\beta,$ $\alpha\rangle=5$
$c_{2}=2\langle\lambda_{2}-\rho_{2},$ $\alpha_{2}^{\vee}\rangle=2-\langle\alpha,$ $\beta^{\vee}\rangle=2-\frac{1}{3}\langle\alpha,$ $\beta\rangle=3$
2.3 $\hat{\zeta}_{p}(s)$
Riemann
2($Ki$ , La.garias, S., Weng, [8-10], $[12]_{i}[5]$ ). $A_{r}(1\leq r\leq 4),$ $B_{2}\simeq C_{2}$ ,




${\rm Re}(s)=-c_{p}/2$ Re(s) $=-c_{p}/2$
(14 10 )
[14, Appendix $B$] $A_{4}$
$\Phi$ $\triangle,$ $1\leq p\leq r$ $\hat{\zeta}_{p}(s)$
${\rm Re}(s)=-c_{\rho}/2$
$\hat{\zeta}_{p}(s)$ $\omega_{\Delta}^{\Phi}(\lambda)$ Weyl


















(1) ${\rm Re}(s)\geq-c_{p}/2$ $\epsilon_{p}(s)$
(2) $\epsilon_{p}(s)$ $|{\rm Re}(s)|\ll\log(|{\rm Im}(s)|+3)$
(3) $H>0$ $\epsilon_{p}(s)$ $T<{\rm Im}(s)<T+H$
$Tarrow\infty$ $H\log T$
(2)
(2)’ $\epsilon_{p}(s)$ $a<|{\rm Re}(s)|<b$
(3)
[7] (2) $’$ 2
( $G_{2}$ ). $\xi_{p}(s)$
2. $E(z)$
$E(s)=H(s)e^{ias} \prod_{n=1}^{\infty}[(1-\frac{s}{\rho_{n}})(1-\frac{s}{\overline{\rho}_{n}})]$ .
$H(s)$ ${\rm Re}(s)>-C/2$ $N$
$a\in \mathbb{R},$ ${\rm Re}(\rho_{n})\leq-C/2(n=1,2, \cdots)$ $\mathbb{C}$
$E(s)\pm\overline{E(-C-\overline{s})}$ ${\rm Re}(s)=-C/2$ $2N$
( $N$ )
1 $\epsilon_{p}(s)$ 2 (1) (2)’ $\epsilon_{p}(s)$
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